Introduction
Let Ω be a bounded open connected subset in R n , n 3 and 0 ∈ Ω. Baras and Goldstein, in their classical paper [3] , considered the following heat problem, and the associated spectral problem −∆u − (µ/|x| 2 )u = λu. By inequality (1.2), it is easy to show that problem (1.1) admits a solution in the function space
But a strong change of behaviour in the space variable takes place at the transition value µ = λ * (see [10] ). In this case, the behaviour of the solution is intimately related to the improved form of the classical Hardy inequality (1.2). Adimurthi et al . [2] showed that one can add as many lower-order terms on the right-hand side of (1.2) with each term being optimal. Here we will only use the special case, which states that (see [2, corollary 1.1]), for n 3 and for any R e sup Ω |x|, there exist positive constants C 1 and C 2 such that
But for n = 2 and R e e e sup Ω |x|, there exists a constant C > 0 such that the following two-dimensional Hardy-Sobolev inequality holds for all u ∈ H 1 0 (Ω):
For the case n 3 and µ = λ * , Vazquez and Zuazua [10] proved that the solution u(t) of problem (1.1) with u 0 ∈ L 2 (Ω) is in the Hilbert space H(Ω) for all time t > 0, but not in H 
It is interesting to note that [4] [5] [6] 8] .
Throughout the paper, we assume that 0 q 1 and η 0 are measurable
Now, let us define the following constant:
From inequalities (1.3) and (1.4), it follows that C(q, η) > 0.
(1.7)
But, for any u 0 ∈ L 2 (Ω), u 0 0, u 0 ≡ 0 and for any λ 0 with q satisfying
problem (1.6) does not admit any non-negative H 1 solution, even locally in time t (i.e. for any 0 < t < T ∞).
non-negative and u 0 ≡ 0, the problem We denote by W = W (0, ∞;
equipped with the norm
Preliminaries
To prove the non-existence of local solutions, we need a theorem of Baras and Goldstein, theorem 2.2 and remark 7.1 of [3] and the two lemmas below. Proof. We first prove inequality (2.
Theorem 2.1 (Baras and Goldstein
Therefore, for any p > 2, we have Therefore, by inequality (2.4), we obtain
We notice that 
We observe that L
, for any 0 < s < 1, is a compact selfadjoint positive-definite operator. By the standard semigroup theory [9] , there exists a unique function u s ∈ W (0, ∞;
with the initial data
Now, by taking v = u s (t) in (1.12), we have
(3.2) Our aim is to show that the sequence (u s ) 0<s<1 is bounded in the function space
)). But this does not follow immediately from (3.2). So we plan to find a suitable test function φ such that u
s is pointwise bounded above by the function φ. To obtain such a φ, we need the following lemma, which is essentially contained in the recent work of Adimurthi and Sandeep [1] . A proof can be found in [7] . 
Hence φ is a solution to the problem
Now we define 
for some constant C > 0 and hence
Therefore, in the limit s → 1 (passing through a subsequence if necessary), we have u
As u ∈ W (0, ∞; 8) and hence, by (3.7), we have, as s → 1,
for all w ∈ H 1 0 (Ω) and for all ζ ∈ C ∞ c (0, ∞). Therefore, u satisfies the equation
with the initial data u(x, 0) = u(0) in Ω, and it is easy to show that u(0) = u 0 . Since u 0 0, it follows that u 0. Now we observe that, for any t > 0, the solution u satisfies
By the definition of λ 1 (Ω, q, η) in (3.4) and invoking Gronwall's lemma, we have
Hence the uniqueness follows from (3.10).
Non-existence part
Let us assume that q satisfies condition (1.8) and u is a solution of (1.6) in the time interval (0, T ) for some T ∞. From condition (1.8), there exists R 0 > 0 such that B R0 := B(0, R 0 ) ⊂ Ω and
Let us assume that v satisfies
By using inequality (1.3), it is easy to show that u v in B R0 × (0, T ). Hence, without loss of generality, we can assume that q(x) = V 0 (x) in Ω and η = 0. Our aim is prove that, for any 0 < t 1 < t 2 < T and Ω ⊂⊂ Ω, there exists a constant
To prove estimate (3.12), we follow the idea of Baras and Goldstein. In order to use theorem 2.1, we need to choose the test function φ such that φ∆φ ∈ L 1 (Ω) and the weighted Sobolev inequality (2.1) holds with the weight φ. By lemma 2.2, we note that the function φ(x) := |x| −(n−2)/2 (log R/|x|) −1/2 satisfies (2.1), but that φ∆φ does not belong to L 1 (Ω). So, we need to regularize the function φ such that all the conditions in theorem 2.1 hold. We notice that, for any k > 
in Ω. in Ω and u k be a solution to the problem Since V 0 (x) q k (x), we obtain u(x, t) u k (x, t) in Ω × (0, T ) for all k > 1 2 . By considering the limit k → 1 2 , from (3.14), we obtain the estimate (3.12) and it contradicts the fact that u(t) ∈ H 1 0 (Ω), because Ω |φ| 2 /|x| 2 dx = ∞.
Proof of theorem 1.2 Existence
In the proof of theorem 1.1, we chose the test function φ with the use of lemma 3.1.
Here we also have a similar lemma, which will enable us to carry out the proof, and this lemma is again essentially contained in [1] .
Lemma 4.1. Let Ω be a bounded domain in R 2 , with 0 ∈ Ω and R e e e sup Ω |x|.
Take q, η, C(q, η) as defined in the introduction, with the extra assumption (1.10) 
